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Quantum Circuits

Ubiquitous intermediate language for:

e Resource optimisation (#gates, #T, #CNot...)

« Hardware-constraint satisfaction (primitives, topological constraints, ...)
° FaUlt-tOlerant Quantum Comput]ng IBM’s 10 Quantum Device Lineup

e Verification, circuit equivalence testing.
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Quantum Circuits

Ubiquitous intermediate language for:

e Resource optimisation (#gates, #T, #CNot...)
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Equational theory, e.g.:
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Completeness1?

1. if two circuits represent the same unitary, one can be transformed into the other using the equational theory,
i.e, all true equations can be derived. 3
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Circuits versus Matrices

Definition. The prop of quantum circuits is generated by 1 =1, 1 — 1,
g:2—>2,@:0—>0foranycp€R. 1P(%)

1PG)DP(-3)

For any quantum circuit C, [C] is the corresponding matrix.

_ 100 0
—1P3) 010 0
—HPEHHPCE) O

Equational theory, e.g.:
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(£o) I Jany N DC -

Soundness. If £+ Cy = C; then [Cy] = [Cy]-
Completeness. If [Cy] = [C4] then E F Cy = C}.

Example. (£) is sound but not complete:  {Ple)—{P(e2)-  —{Ple1 +w2)i— ,




QC Completeness

Complete equational theories for non-universal and classically simulatable fragments:
 2-qubit circuits (Clifford+T) [Bian,Selinger’22]
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QC Completeness

Complete equational theories for non-universal and classically simulatable fragments:
e 2-qubit circuits (Clifford+T) [Bian,Selinger’22],

 3-qubit circuits (Clifford+CS) [Bian,Selinger’23],

« Stabilizer [Ranchin,Coecke’18],

 Toffoli [Cockett,Comfort’19],

e CNot-dihedral (CNot+X+T) [Amy,Chen,Ross’21].

Complete equational theory for universal quantum circuits
e Quantum Circuits [Clement,Heurtel,Mansfield,Perdrix,Valiron LICS’23]

Our contributions:
« Simplifying equational theory for vanilla QC
» Extension to quantum circuits with ancilla and/or discarding
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Derivations in QC

« Useful properties, e.g.: Phase gadget, Euler decomposition
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Derivations in QC

« Useful properties
» Simplification principal

Definition For any quantum circuit C, let CT be the adjoint of C inductively defined as
(C20Cy)t = CToCY; (C1®C,)! = C]®CY; and for any ¢ € R, (@)" := @, (P})" = P},
and g := g for any other generator g.

Proposition. For any circuit C, QC F : C ol =

Corollary. For any circuits C, Cy, C1,

QCF | Cy C = Ch = QCF | Cy = Ci||Cf
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« Useful properties
 Simplification principal
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« Useful properties
 Simplification principal
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Derivations in QC

« Useful properties
 Simplification principal

e 1-CNot completeness

Lemma. QC is complete for circuits containing at most one g, i.e. for any quantum circuits

C1,Cs € QC with at most one g if [C1] = [C2] then QCF Cy = Cs.

&) [

] [Q]



<

« Useful properties

Derivations in QC

 Simplification principal

e 1-CNot completeness
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Quantum Circuits with

ancilla and/or trace out
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Quantum Circuits with
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Quantum Circuits with
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1 Using CSD or following S. Staton. Algebraic Effects, Linearity, and Quantum Programming Languages. POPL15
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Quantum Circuits with
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ancilla and/or trace out
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Simplifying (r)

Theorem. In QC5cillg and QCyiscard, the family of equations

R+t Rs} R0 f—————[ra) -
P(2) H Rx (73) — P(81) H P(62) [ Bx (85) }i{Pws)HRx(aa)HP(m —
can be replaced by its 2-qubit case:
Rx @ |R_X(’)’4) |R_x(5$) P(58)‘~

e+ PeHRx(a)——  {PEHPE)HRx () ——P(6s)HRx (b0 P (6} ——




Simplifying (r)

----9
-----9
----9
-----9
-----9
-----9

--0---9

Rx I(74) B : Rx (84) »—{ P(ds) |— )

Rx(m) T ! *
E P(v2) H Rx () — P(81) [H P(82) H Rx () P(d5) [H Rx (36) [H P(67) |———

-----9
----9
—¢---9---9
----9
-----9

— o - -




Simplifying (r)

Rx(m) e R0 P -
P(v2) H Rx () — P(81) [H P(82) H Rx () m P(d5) [H Rx (36) [H P(67) |———

--1t---9

D—P(-5)-b—




Simplifying (r)

Vy;, 39, such that

ij(m R R0 f—————[re) -
P(v2) H Rx () — P(81) [H P(82) H Rx (8s) }i{ P(85) [ Rx (d) [H P(67) ———

. , , 51 =.f1(y19 sees 74)
—— = P(3) : : 52 =f2(}/1’ ERT) 74)

09 = fo(¥1s -+ ¥a)

--
- -9
--
-




Simplifying (r)

Vy;, 39, such that

ij(m R R0 f—————[re) -
P(v2) H Rx (1) — P(81) H P(62) | Bx (85) }i{ P(85) [H Rx (36) H P(67) ———

. , , 51 =.f1(y19 sees 74)
—— = P(3) : : 52 =f2(}/1’ ERT) 74)

09 = fo(¥1s -+ ¥a)

--
- -9
--
-

\§ A §
—r : :
—GID— pr—
(o) P(p)
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Simplifying (r)

Vy;, 39, such that

ijm) R R0 f—————[re) -
P(v2) H Rx (1) — P(81) H P(62) | Bx (85) }i{ P(85) [H Rx (36) H P(67) ———

. , , 51 =.f1(y19 sees 74)
—— = P(3) : : 52 =f2(}/1’ ERT) 74)

--
- -9
--
-

09 = fo(¥1s -+ ¥a)

—r— : :
B P(y)
P(p) | |
AN N2
—T_ 4 4
Lemma. QC, .. \(7)F 1T =
QCncina \ (1) 5 A=

T
T
>
N
N



Quantum Circuits with

QCancilla

ancilla and/or trace out
Fe—
Ple)- = F— =
& —
= (a) TavSay: N © Fant T4 - DC
®=@ =0 ® T ® POf—
& {x} & & = 4
= (c)
— C yany (g) V4| — C
- @ & & : &

Ple1) = {Plre} ® - Pl - [PeOHrpHPG -

_ PG
[Rxtan) P @) = @) FxGa) PG .

uy
2

ek

F. _ 1 7 Rx (84) !
~|P(61)HP(62)HRX(63)}i{

P(65)HRx (66) HP (61—

)

|- = —1n

Pt =

—o—It —n

—HH —n

=1

chiscard
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Concluding remarks

Simplifying two out of the three most complicated rules

Complete equational theories for:
e Quantum circuits with qubit-initialisation
e Quantum circuits with ancilla

e Quantum circuits with initialisation and discard

Complete equational theories acting on at most 3 qubits
for Qancilla and Qldiscard-

Quantum circuit reasoning in action.



