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GPTs with position and momentum

q⃗, p⃗ ∈ R3 - position and momentum
ρ(⃗q, p⃗) - state is pseudo-probability density,

∫∫
R6 ρ(⃗q, p⃗) d3qd3p = 1

probability of observing position from interval I :

Pρ(q̃i ∈ I ) =
∫∫

qi∈I
ρ(⃗q, p⃗)d3qd3p

H (⃗q, p⃗) - Hamiltonian
mean value of energy:

〈H̃ 〉ρ =

∫∫
R6

H (⃗q, p⃗)ρ(p⃗, p⃗)d3qd3p

The problem
Probability of observing energy from interval I : Pρ(H̃ ∈ I ) = ???
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Phase space spectral measure

gA(I ; q⃗, p⃗) - phase space projector

Pρ(Ã ∈ I ) =
∫
R2

gA(I ; q⃗, p⃗)ρ(⃗q, p⃗)d3qd3p

such that

gA(R; q⃗, p⃗) = 1,
∫
R

agA(a; q⃗, p⃗) da = A(⃗q, p⃗).

For discrete spectrum:

gH (I ; q⃗, p⃗) =
∑

En∈I
gH (En ; q⃗, p⃗)

such that ∑
n

gH (En ; q⃗, p⃗) = 1,
∑

n
EngH (En ; q⃗, p⃗) = H (⃗q, p⃗).
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Example: phase space spectral measures of position

χ(I ; qi) - characteristic function of interval

Pρ(q̃i ∈ I ) =
∫∫

qi∈I
ρ(⃗q, p⃗)d3qd3p =

∫∫
R6

χ(I ; qi)ρ(⃗q, p⃗)d3qd3p

We identify
gQi (I ; q⃗, p⃗) = χ(I ; qi).



Time evolution

Generalized Moyal bracket

ρ̇ = {{H , ρ}}

{{f , g}} = {f , g}+
∞∑

n=1
anℏ2n (

f {←−· ,−→· }2n+1g
)
,

Ehrenfest theorem
Time-evolution of mean values of qi , pj is classical.

Coefficient an are experimentally measurable

Implement H (t) = p2

2m + 1
2mω2q2 + λ(t)m2ω3

2ℏ q4, measure p2 at later time.
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How to build a theory

1. For every observable define a function A(⃗q, p⃗) such that
〈Ã〉 =

∫∫
R6 A(⃗q, p⃗)ρ(⃗q, p⃗)d3qd3p.

2. For every observable define the phase space spectral measure gA(I ; q⃗, p⃗)
3. Define the coefficients an of the generalized Moyal bracket {{·, ·}}.
4. Define the set of states as the (convex subset of the) largest set of

pseudo-probability distributions satisfying the positivity conditions for states:

Pρ(t)(Ã ∈ I ) =
∫∫

R6
gA(I ; q⃗, p⃗)ρ(⃗q, p⃗; t)d3qd3p ≥ 0

We always assume that position and momentum observables are:

Qi (⃗q, p⃗) = qi gQi (I ; q⃗, p⃗) = χ(I ; qi)

Pi (⃗q, p⃗) = pi gPi (I ; q⃗, p⃗) = χ(I ; pi)
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TOY MODEL



Motivation from classical theory

Classical theory:

Pρ(H̃ ∈ I ) =
∫

E∈I

∫
H (⃗q ,⃗p)=E

ρ(⃗q, p⃗)d3qd3p dE

=

∫
χ(I ;H (⃗q, p⃗))ρ(⃗q, p⃗)d3qd3p

χ(I ;H (⃗q, p⃗)) - piecewise constant function of H (⃗q, p⃗).

Main idea
Take gH (I ; q⃗, p⃗) - piecewise linear function of H (⃗q, p⃗)
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Probabilities and the energy spectrum of the hydrogen atom

H (⃗q, p⃗) = |⃗p|2
2m −

κ
|⃗q| .

There is only one set of piecewise linear functions gH (I ; q⃗, p⃗) corresponding to the
spectrum En = E1/n2 satisfying necessary and natural conditions.

Negativity of gH (E2; q⃗, p⃗) implies position-momentum uncertainty and prevents
collapse of the atom!



States of the hydrogen atom

ρG (⃗q, p⃗) = 1
(2π)3σ3

qσ
3
p
e
− |⃗q|2

2σ2q
− |⃗p|2

2σ2p

We have to enforce

PρG(H̃ = E2) ≥ 0.

Ground state

ρgnd(⃗q, p⃗) =
1

(2π)
3
2σ3

gnd
e
− |⃗q|2

2σ2
gnd δ(3)(p⃗)



External magnetic field

HB (⃗q, p⃗) = H (⃗q, p⃗) + µB
ℏ BL3(⃗q, p⃗)

Take gLi (I ; q⃗, p⃗) - piecewise linear phase space spectral measure for angular
momentum Li . Construct

gHB(I ) =
∑

n,m : En+µBBm∈I
gH (n; q⃗, p⃗)gL3(m; q⃗, p⃗)

gHB(I ) - phase space spectral measure for the Hamiltonian HB (⃗q, p⃗).

Result
Splitting of energy levels due to external magnetic field with

|m| < 2(n + 1).



Perturbations by resonant light

HE (⃗q, p⃗, t) = H (⃗q, p⃗)− 2eE sin(ωt)q3, using interaction picture we get:



Scattering

Incoming particle density: ρin = νδ(3)(p⃗ − p⃗0)

Using Green’s function approach we get:

ρ(t; q⃗, p⃗) = ρin(t; q⃗, p⃗) +
∫
R3

t∫
−∞

K (⃗q − p⃗
µ
(t − τ), p⃗, p⃗′)ρ(τ ; q⃗ − p⃗

µ
(t − τ), p⃗′) dτd3p′

where
K (⃗q, p⃗, p⃗′) =

{{
V (⃗q), δ(3)p (p⃗ − p⃗′)

}}
.

Solved via V (⃗q) 7→ λV (⃗q) and comparing equal powers of λ.

Result

For t →∞ and |⃗q| → ∞ we always get Rutherford formula dσ
dΩ = κ2µ2

4p4
0

1
sin4(ϑ/2)
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