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Qubits:

|𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩

Qudits:

|𝜓⟩ = 𝑎0 |0⟩ + 𝑎1 |1⟩ + 𝑎2 |2⟩ + ⋯ + 𝑎𝑑−1 |𝑑 − 1⟩
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Physical Realisation of Qudits
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Qupits are the odd prime dimensional qudits
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Booth and Carette, 2022
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New results and improvements

• Reduced axioms
• Well-tempered
• Minimality
• Graph theoretic simplifications

• Local complementation
• Pivoting

• Normal forms
• Neat completeness
• Clifford simplification
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Generator: Z spider

s
𝑥, 𝑦

𝑚⋮ 𝑛⋮
{

= 𝑝𝑛+𝑚−2
4 ∑

𝑘∈ℤ𝑝

𝜔2−1(𝑥𝑘+𝑦𝑘2)|𝑘 ∶ 𝑍⟩⊗𝑛 ⟨𝑘 ∶ 𝑍|⊗𝑚
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Generator: Z spider

s
𝑥, 𝑦

𝑚⋮ 𝑛⋮
{

= 𝑝𝑛+𝑚−2
4 ∑

𝑘∈ℤ𝑝

𝜔2−1(𝑥𝑘+𝑦𝑘2)|𝑘 ∶ 𝑍⟩⊗𝑛 ⟨𝑘 ∶ 𝑍|⊗𝑚

Cui, Gottesman and Krishna, 2017
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Generator: Z spider

s
𝑥, 𝑦

𝑚⋮ 𝑛⋮
{

= 𝑝𝑛+𝑚−2
4 ∑

𝑘∈ℤ𝑝

𝜔2−1(𝑥𝑘+𝑦𝑘2)|𝑘 ∶ 𝑍⟩⊗𝑛 ⟨𝑘 ∶ 𝑍|⊗𝑚

Cui, Gottesman and Krishna, 2017
de Beaudrap, 2021
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Generator: Z spider

s
𝑥, 𝑦

𝑚⋮ 𝑛⋮
{

= 𝑝𝑛+𝑚−2
4 ∑

𝑘∈ℤ𝑝

𝜔2−1(𝑥𝑘+𝑦𝑘2)|𝑘 ∶ 𝑍⟩⊗𝑛 ⟨𝑘 ∶ 𝑍|⊗𝑚

Cui, Gottesman and Krishna, 2017
de Beaudrap, 2021

|0⟩ , |1⟩ , ⋯
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Generator: X spider

s
𝑥, 𝑦

𝑚⋮ 𝑛⋮
{

= 𝑝𝑛+𝑚−2
4 ∑

𝑘∈ℤ𝑝

𝜔2−1(𝑥𝑘+𝑦𝑘2) |−𝑘 ∶ 𝑋⟩⊗𝑛 ⟨𝑘 ∶ 𝑋|⊗𝑚
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Generator: X spider

s
𝑥, 𝑦

𝑚⋮ 𝑛⋮
{

= 𝑝𝑛+𝑚−2
4 ∑

𝑘∈ℤ𝑝

𝜔2−1(𝑥𝑘+𝑦𝑘2) |−𝑘 ∶ 𝑋⟩⊗𝑛 ⟨𝑘 ∶ 𝑋|⊗𝑚

like |+⟩ , |−⟩
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Generator: X spider

s
𝑥, 𝑦

𝑚⋮ 𝑛⋮
{

= 𝑝𝑛+𝑚−2
4 ∑

𝑘∈ℤ𝑝

𝜔2−1(𝑥𝑘+𝑦𝑘2) |−𝑘 ∶ 𝑋⟩⊗𝑛 ⟨𝑘 ∶ 𝑋|⊗𝑚

like |+⟩ , |−⟩
Carette, 2021
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Fusion

=

𝑎, 𝑏

⋮⋮

𝑐, 𝑑

⋮⋮

𝑎+𝑐,
𝑏+𝑑

⋮

⋮

⋮

⋮

=

𝑎, 𝑏

⋮⋮

𝑐, 𝑑

⋮⋮

𝑎+𝑐,
𝑏+𝑑

⋮

⋮

⋮

⋮

=
𝛼 ⋮⋮

𝛽 ⋮⋮
𝛼 + 𝛽

⋮

⋮

⋮

⋮

=
𝛼 ⋮⋮

𝛽 ⋮⋮
𝛼 + 𝛽

⋮

⋮

⋮

⋮
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Copy, Bialgebra

1, 0 =
1, 0

1, 0

=

𝜋 = 𝜋

𝜋

=
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Euler, Colour

= 0, 1

0, -1

0, 1

𝑎, 𝑏 =⋮
𝑎, 𝑏

⋮ ⋮⋮

= 𝜋
2

-𝜋
2

𝜋
2

𝛼 =⋮ 𝛼⋮ ⋮⋮
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Special / ID

=⋮𝑝-1

= =
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Multiplier Elimination

= ⋮𝑧
𝑎, 𝑏-𝑧-1𝑎, 𝑧-2𝑏
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Generator: Explicit scalar

J 𝑠 K = 𝑠
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Scalar axioms

=
(Zero) 00

=
(One)

1

𝜆 𝜇 𝜆𝜇=
(Prod)

1, 0 =
(Nul)

0

( 𝑏
𝑝 ) 𝑖- 𝑝-1

2

0, 𝑏 =
(Gauss)

√𝑝

𝑎, 0

𝑐, 𝑑
=

(Omega) 𝜔2-3𝑎𝑐

𝜔2-2𝑎2𝑑

{
if 𝑏 = 0
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=
(Special)

⋮𝑝-1

=
(Bigebra)

=
(Fusion)

𝑎, 𝑏

⋮⋮

𝑐, 𝑑

⋮⋮

𝑎+𝑐,
𝑏+𝑑

⋮

⋮

⋮

⋮

1, 0
=
(Copy)

1, 0

1, 0

𝑎, 𝑏 =
(Colour)

⋮
𝑎, 𝑏

⋮ ⋮⋮ =
(M-Elim)

⋮ 𝑧
𝑎, 𝑏

-𝑧-1𝑎, 𝑧-2𝑏

=
(Euler) 0, 1

0, -1

0, 1

=
(Zero)

00

=
(One)

1

𝜆 𝜇 𝜆𝜇=
(Prod)

1, 0

=
(Nul)

0

( 𝑏
𝑝 ) 𝑖- 𝑝-1

2

0, 𝑏 =
(Gauss)

√𝑝

𝑎, 0

𝑐, 𝑑
=

(Omega) 𝜔2-3𝑎𝑐

𝜔2-2𝑎2𝑑

=
(Fusion)

𝑎, 𝑏

⋮⋮

𝑐, 𝑑

⋮⋮

𝑎+𝑐,
𝑏+𝑑

⋮

⋮

⋮

⋮

{
if 𝑏 = 0
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Derived axioms of (Booth and Carette, 2022)

=
(Z-Elim)

=
(X-Elim)

=
(Char)

=
(Shear)

=
(Mult)

⋮𝑧
0, 𝑧-1

0, 𝑧

0, 𝑧-1

𝑐, 𝑑𝑎, 0 𝑎, 0 𝑐 + 𝑎𝑑, 𝑑

0, 𝑧-1

𝜔2-2𝑎𝑐+2-3𝑎2𝑑

𝑎, 0
=
(Copy)

𝑎, 0

𝑎, 0

⋮𝑝
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=
(Special)

⋮𝑝-1

=
(Bigebra)

=
(Fusion)

𝑎, 𝑏

⋮⋮

𝑐, 𝑑

⋮⋮

𝑎+𝑐,
𝑏+𝑑

⋮

⋮

⋮

⋮

1, 0
=
(Copy)

1, 0

1, 0

𝑎, 𝑏 =
(Colour)

⋮
𝑎, 𝑏

⋮ ⋮⋮ =
(M-Elim)

⋮ 𝑧
𝑎, 𝑏

-𝑧-1𝑎, 𝑧-2𝑏

=
(Euler) 0, 1

0, -1

0, 1

=
(Zero)

00

=
(One)

1

𝜆 𝜇 𝜆𝜇=
(Prod)

1, 0

=
(Nul)

0

( 𝑏
𝑝 ) 𝑖- 𝑝-1

2

0, 𝑏 =
(Gauss)

√𝑝

𝑎, 0

𝑐, 𝑑
=

(Omega) 𝜔2-3𝑎𝑐

𝜔2-2𝑎2𝑑

=
(Fusion)

𝑎, 𝑏

⋮⋮

𝑐, 𝑑

⋮⋮

𝑎+𝑐,
𝑏+𝑑

⋮

⋮

⋮

⋮

{ if 𝑏 = 0
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Strictly-Clifford basis change
For 𝑎 ∈ ℤ𝑝 and 𝑏 ∈ ℤ∗

𝑝,

=
𝑎, 𝑏

-𝑎𝑏-1, 𝑏-1

𝑎𝑏-1, -𝑏-1

=
𝑎, 𝑏

-𝑎𝑏-1, 𝑏-1

-𝑎𝑏-1, -𝑏-1

≈± 𝜋
2 ∓ 𝜋

2
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Supplementarity
For 𝑏 ∈ ℤ∗

𝑝,

=0, 𝑏

0, -𝑏
=0, 𝑏

0, -𝑏

=± 𝜋
2

∓ 𝜋
2

=± 𝜋
2

∓ 𝜋
2

Perdrix andWang, 2016
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Graph-Theoretic Simplifications
Duncan, Kissinger, Perdrix andWetering, 2020
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H-box

≔𝑥 ⋮𝑥

∶=... ... ... ...𝑥𝑥
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Graph-Like Diagrams

A ZX-diagram is graph-like when it has

1. only Z-spiders,
2. only H-edges,
3. no self-loops,
4. all its inputs and outputs
connected to a Z-spider,

5. no Z-spider connected to more
than one input or output.

3
4

1, 0

2, 2

0, 2
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Any ZX-diagram can be transformed into a
graph-like diagram
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Local Complementation

For ∗ ∈ ℤ𝑝 and 𝑧 ∈ ℤ∗
𝑝:

𝑎, 𝑧

𝑒1 𝑒2
𝑒𝑘

𝛼1, 𝛽1

𝛼2, 𝛽2

𝛼𝑘, 𝛽𝑘

𝑤2𝑘

𝑤12

𝑤1𝑘

⋯

⋯
⋯

⋯

≈
𝛾1, 𝛿1

𝛾2, 𝛿2

𝛾𝑘, 𝛿𝑘

𝑔2,𝑘
𝑔1,2

𝑔1,𝑘

⋯

⋯
⋯

⋯
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Pivoting

For ∗ ∈ ℤ𝑝 and 𝜖 ∈ ℤ∗
𝑝:

𝑎, 0 𝑏, 0
𝜖

𝛼1, 𝛽1
𝛼𝑘, 𝛽𝑘

⋯

𝑒1
𝑒𝑘

𝑓1
𝑓𝑘

⋯ ⋯
𝛼2, 𝛽2

⋯

𝑒2

𝑓2

𝑔1,𝑘

𝑔1,2 𝑔2,𝑘
≈

𝛾1, 𝛿1

𝛾2, 𝛿2

𝛾𝑘, 𝛿𝑘

⋯
⋯ ⋯

⋯
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AP-form

A graph-like diagram is in Affine with Phases form
(AP-form) when:

• There are no inputs;
• All internal spiders are Pauli;
• Internal spiders not
connected to each other.

𝑎1, 0

𝛼1, 𝛽1

𝛼2, 𝛽2

𝛼𝑛, 𝛽𝑛

𝑎𝑘, 0

𝑒1,1
𝑒𝑘,1

𝑒1,2

𝑒1,𝑛

𝑒𝑘,𝑛

𝑒𝑘,2 ⋮

𝑓1,2

𝑓1,𝑛𝑓2,𝑛

⋮
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AP-form

𝑎1, 0

𝑎𝑘, 0

𝑒1,1
𝑒𝑘,1

𝑒1,2

𝑒𝑘,2

𝑒𝑘,𝑛

𝑒1,𝑛
⋮

𝛼1, 𝛽1

𝛼2, 𝛽2

𝛼𝑛, 𝛽𝑛

⋮

𝑓1,2

𝑓1,𝑛𝑓2,𝑛

𝐸 𝜙( ⃗𝑥)

⃗𝑎 J⋅K
⟼ ∑

𝐸 ⃗𝑥= ⃗𝑎
𝜔𝜙( ⃗𝑥) | ⃗𝑥⟩
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Example

1, 0
2

4

3

1, 0

3, 0 2, 3

3 ⃗𝑎 = (1
3)

𝐸 = (2 4 1 0
0 1 0 3)

𝜙( ⃗𝑥) = 2-3𝑥1 + 𝑥3 + 𝑥2
3 − 𝑥1𝑥3 − 2-3𝑥3𝑥4
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Reduced AP-form

A diagram in AP-form defined by (𝐸, ⃗𝑎, 𝜙) is in reduced
AP-form if:

• 𝐸 is in reduced row echelon form (RREF);

• 𝐸 contains no fully zero rows.

• 𝜙 only contains free variables from the equation
system of 𝐸;
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The reduced AP-form is unique
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Any diagram can be transformed
into reduced AP-form
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Corollary

Completeness!
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GS-LC form

A diagram is in Graph State with Local Cliffords form
(GS-LC form) when:

• It is graph-like up to
Hadamards on output wires;

• It has no internal spiders.

H?

H?

H?

H?

H?

H?

𝑥𝑦

𝑧

𝑎1, 𝑏1

𝑎2, 𝑏2

𝑎𝑛, 𝑏𝑛

𝑐1, 𝑑1

𝑐2, 𝑑2

𝑐𝑛, 𝑑𝑛

⋮
⋮⋮



34/39

Decomposing arbitrary Clifford unitaries
H?

H?

H?

H?

H?

H?

=
𝑥

𝑦

𝑧

𝐴

H?

H?

H?

H?

H?

H?

𝑥𝑦

𝑧

𝑎1, 𝑏1

𝑎2, 𝑏2

𝑎𝑛, 𝑏𝑛

𝑐1, 𝑑1

𝑐2, 𝑑2

𝑐𝑛, 𝑑𝑛

𝑎1, 𝑏1

𝑎2, 𝑏2

𝑎𝑛, 𝑏𝑛

𝑐1, 𝑑1

𝑐2, 𝑑2

𝑐𝑛, 𝑑𝑛

⋮

⋮ ⋮⋮

⋮⋮
=
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DiZX
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DiZX
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DiZX: AP-from
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DiZX: Clifford simp
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Summary
• The calculus is

• simplified,
• well-tempered,
• almost minimal,
• and has explicit scalars.

• Using it, we
• show local complementation and pivoting,
• simplify Clifford diagrams,
• prove completeness (reduced AP-form),
• and decompose Clifford unitaries (GS-LC form).

• Try it out in DiZX!

https://github.com/jvdwetering/dizx
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6 Summary
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Local Complementation
For any 𝑧 ∈ ℤ∗

𝑝 and for all 𝑎, 𝛼𝑖, 𝛽𝑖, 𝑒𝑖, 𝑤𝑖,𝑗 ∈ ℤ𝑝 where
𝑖, 𝑗 ∈ {1, … 𝑘} such that 𝑖 < 𝑗 we have:

𝑎, 𝑧

𝑒1 𝑒2
𝑒𝑘

𝛼1, 𝛽1

𝛼2, 𝛽2

𝛼𝑘, 𝛽𝑘

𝑤2𝑘

𝑤12

𝑤1𝑘

⋯

⋯
⋯

⋯

≈
𝛾1, 𝛿1

𝛾2, 𝛿2

𝛾𝑘, 𝛿𝑘

𝑔2,𝑘
𝑔1,2

𝑔1,𝑘

⋯

⋯
⋯

⋯

Here 𝛾𝑖 = 𝛼𝑖 − 𝑒𝑖𝑎𝑧-1, 𝛿𝑖 = 𝛽𝑖 − 𝑧-1𝑒2
𝑖 , and 𝑔𝑖,𝑗 = 𝑤𝑖𝑗 − 𝑧-1𝑒𝑖𝑒𝑗.
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Pivoting
Here again 𝜖 ∈ ℤ∗

𝑝 with every other variable on the
left-hand side allowed arbitrary values.

𝑎, 0 𝑏, 0
𝜖

𝛼1, 𝛽1
𝛼𝑘, 𝛽𝑘

⋯

𝑒1
𝑒𝑘

𝑓1
𝑓𝑘

⋯ ⋯
𝛼2, 𝛽2

⋯

𝑒2

𝑓2

𝑔1,𝑘

𝑔1,2 𝑔2,𝑘
≈

𝛾1, 𝛿1

𝛾2, 𝛿2

𝛾𝑘, 𝛿𝑘

⋯
⋯ ⋯

⋯

On the right-hand side 𝛾𝑖 = 𝛼𝑖 − 𝜖-1(𝑎𝑓𝑖 + 𝑏𝑒𝑖),
𝛿𝑖 = 𝛽𝑖 − 2𝜖-1𝑒𝑖𝑓𝑖, and 𝑔𝑖,𝑗 = −𝜖-1(𝑒𝑖𝑓𝑗 + 𝑒𝑗𝑓𝑖).
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