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ZX-calculus
Quantum Circuit Optimisation
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ZXW-calculus
Hamiltonians (Shaikh, Wang and Yeung, 2022)

=

𝑎 𝑏

𝑠0(𝑡) 𝑠1(𝑡)

𝜋

𝑎 𝑏

𝑒𝐻𝑡

Differentiation and integration (Wang, Yeung and Koch, 2022)

𝜕
𝜕𝜃

⎡
⎢⎢
⎣

𝜃 𝜃

𝜃 ⎤
⎥⎥
⎦

=

𝜋

𝜃

𝜃

𝜃𝜋

𝑖
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What are Qudits?

Qubits:

|𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩

Qudits:

|𝜓⟩ = 𝑎0 |0⟩ + 𝑎1 |1⟩ + 𝑎2 |2⟩ + ⋯ + 𝑎𝑑−1 |𝑑 − 1⟩
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Physical Realisation of Qudits
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Completeness

If diagrams 𝐷1 and 𝐷2 have the same interpretation,

we can prove 𝐷1 = 𝐷2 using the rules of the calculus.



7/43

History of Completeness

Qubit
(𝑑 = 2)

Qutrit
(𝑑 = 3)

Odd qupit
(𝑑 is odd prime)

Qudit
(𝑑 ∈ ℕ)

Clifford

Clifford + T

Universal
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The qudit ZXW-calculus
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Standard basis in qudit ZXW

For 0 ≤ 𝑗 < 𝑑,

𝐾𝑗 J⋅K
⟼ |𝑑 − 𝑗⟩
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Z spider

J⋅K
⟼ |𝑘⟩ ↦ |𝑘, 𝑘⟩
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X spider

J⋅K
⟼ |𝑖, 𝑗⟩ ↦ |𝑖 + 𝑗 mod 𝑑⟩
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Notation: The multiplier

≔ ⋯𝑚𝑚
J⋅K
⟼ |𝑘⟩ ↦ |𝑚 ⋅ 𝑘 mod 𝑑⟩ ,

-𝑚 ≔ 𝑑
-𝑚
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Generator: W node

J⋅K
⟼ |00⟩ ⟨0| +

𝑑−1
∑
𝑖=1

(|𝑖0⟩ + |0𝑖⟩) ⟨𝑖|

=
𝐾𝑗

= 𝐾𝑗 + 𝐾𝑗
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Understanding the Z box
Z spider:

𝛼
J⋅K
⟼ [1 0

0 𝑒𝑖𝛼] , where 𝛼 ∈ ℝ.

Z box:

𝑎
J⋅K
⟼ [1 0

0 𝑎] , where 𝑎 ∈ ℂ.
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Understanding the qudit Z box
Qubit Z box: for 𝑎 ∈ ℂ,

𝑎
J⋅K
⟼ [1 0

0 𝑎]

Qudit Z box: for ⃗𝑎 = (𝑎1, 𝑎2, ⋯ , 𝑎𝑑−1) ∈ ℂ𝑑−1,

𝑎⃗
J⋅K
⟼

⎡
⎢
⎢
⎢
⎣

1 0 0 ⋯ 0
0 𝑎1 0 ⋯ 0
0 0 𝑎2 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 𝑎𝑑−1

⎤
⎥
⎥
⎥
⎦
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Generator: Z box

𝑚

𝑛

⋯

⋯
𝑎⃗

J⋅K
⟼

𝑑−1
∑
𝑗=0

𝑎𝑗 |𝑗⟩
⊗𝑚 ⟨𝑗|⊗𝑛 ,

where ⃗𝑎 = (𝑎1, ⋯ , 𝑎𝑑−1) ∈ ℂ𝑑−1

and 𝑎0 ≔ 1
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Rule: Bialgebra

=
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Rule: Trialgebra

=
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Generalised Trialgebra

=
⋯ ⋯ ⋯ ⋯

⋯ ⋯

⋯ ⋯ ⋯ ⋯

⋯ ⋯
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A Normal Form

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑥0

⋮
𝑥𝑖

⋮
𝑥𝑑𝑚−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⟶

𝑥0 ⋯⋯

𝐾1

⋯ ⋯
𝑚−1

𝑥𝑖

0 𝑠

𝑥𝑑𝑚−1

-𝑒
0,

𝑖

-𝑒
𝑠,

𝑖

-𝑒
𝑚

-1
,𝑖
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Completeness proof
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Map-state duality

⟺=𝐴
⋯

⋯
𝐵
⋯

⋯
𝐴
⋯

⋯
𝐵
⋯

⋯
=
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Completeness using a normal form

If J𝐷1K = J𝐷2K, then:

⟹
𝑟1,⋯ ,𝑟𝑛 𝑁𝐷 ⟸

𝑠1,⋯ ,𝑠𝑚

⋯
𝐷2
⋯

𝐷1
⋯
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Note: Structure of states
Each state diagram has the following structure:

𝐴1
⋯

⋯
𝐴2

⋯
𝐴𝑛

⋮ ⋮ with ⋯𝑔1𝐴𝑗 =
⋯

⋯

⋯

⋯

⋯
𝑔𝑘

⋯

⋯⋯

⋯

⋯

where 𝑔1, ⋯ , 𝑔𝑘 are generators.
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State⟹ normal form I.

𝑁1
⋯

𝐴1
⋯ =
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State⟹ normal form II.

𝑁1

⋯

⋯
𝐴2

= 𝑁1 𝐴2
⋯ ⋯

⋯
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State⟹ normal form III.

𝑁1 𝐴2
⋯ ⋯

⋯
= 𝑁1

⋯
𝑁2

⋯
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State⟹ normal form IV.

⊗ =
⋯ ⋯

𝑁1,2
⋯

𝑁1

⋯
𝑁2

⋯
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State⟹ normal form V.

=
⋯

𝑁′
1,2

⋯ ⋯
𝑁1,2
⋯
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State⟹ normal form VI.

⋯
𝑁′

1,2

=𝐴3

𝑁′
1,2,3

⋮

𝐴𝑘

𝐴𝑘

⋮ =
𝑁′

1,⋯,𝑘= ⋯

⋯

⋯

⋯
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Summary: state⟹ normal form

• Generators

• Tensor product of two normal forms

• Partial-traced normal form
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Lemma: Z box

=𝑎⃗
⋯

𝑎1 𝑎2 𝑎𝑑-1⋯1

𝐾1

-1 -1 -1 -2 -2 -2 1 1 1

⋯
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Lemma: W node

=

𝐾1

1 1 1 1 1 1 1⋯

-1 -1 -1 -1 -2 -2 -2 -2 1 1 1 1
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Lemma: Hadamard box

𝐻 =

𝐾1

1 1 1⋯ 1 𝜔𝑟 𝜔𝑟(𝑑−1)⋯ ⋯ 1 𝜔𝑑−1 𝜔(𝑑−1)2⋯

-1 1 -𝑟 -𝑟 -1 -𝑟 1

⋯

1 1 -1 1 1

1 𝜔 𝜔𝑑−1⋯
-1 -1 -1 -1 1
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Lemma: Tensor product

=

⋯ 𝑎𝑖𝑏𝑗

𝐾1

⋯𝑎0𝑏0 𝑎𝑀𝑏𝑁

⋯ ⋯

1 1

⋯

-𝑒
ℓ,

𝑗
-𝑒

0,
𝑗

-𝑒
𝑚

-1
,𝑖

-𝑒
𝑘
,𝑖 1 1

𝑚 𝑛 𝑚+𝑛

𝑎0 ⋯⋯

𝐾1

⋯ ⋯

𝑎𝑖 𝑎𝑀 𝑏0 ⋯⋯

𝐾1

⋯ ⋯

𝑏𝑗 𝑏𝑁
1 1 1

-𝑒
𝑚

-1
,𝑖

-𝑒
𝑘
,𝑖

-𝑒
0,

𝑖 1 1 1

-𝑒
𝑛

-1
,𝑗

-𝑒
ℓ,

𝑗
-𝑒

0,
𝑗

where𝑀 = 𝑑𝑚 − 1, 𝑁 = 𝑑𝑛 − 1.
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Lemma: Partial trace

=

𝑎𝑑𝑚-1

0𝑡𝑚−1

𝑎𝑗

𝑠

⋯𝑎0

⋯ ⋯⋯

𝐾1

1 1 11

𝑒 𝑚
-1

,𝑗
𝑒 𝑠

,𝑗
𝑒 𝑡

,𝑗
𝑒 0

,𝑗

⋯ 𝑎𝑖 ⋯

𝑒 𝑚
-1

,𝑖
𝑒 𝑠

,𝑖
𝑒 𝑡

,𝑖
𝑒 0

,𝑖

Σ𝑑𝑚-2-1Σℓ ⋯Σ0

⋯ ⋯⋯

𝐾1

1 1 11

𝑒 𝑚
-3

,ℓ
𝑒 𝑢

,ℓ
𝑒 𝑣

,ℓ
𝑒 0

,ℓ

⋯ Σ𝑘 ⋯

𝑒 𝑚
-3

,𝑘
𝑒 𝑢

,𝑘
𝑒 𝑣

,𝑘
𝑒 0

,𝑘

0𝑣𝑚−3 𝑢

where Σ𝑘 is the sum of those elements where the indices match.
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Axioms of ZXW-calculus

1. Rules of ZX

2. Rules of ZW

3. Rules of ZXW
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The ZX-part of the rules I

=𝑎⃗

𝑏⃗
⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝑏

⋯ ⋯ ⋯

⋯

⋯

⋯⋯ ⋯

⋮ = ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝑏

⋯

⋯

⋯

⋯⋯

⋯

(S1)

= = (S2)

𝑎⃖
𝐷𝑎⃗ =

𝐷
(D1)

⋅⋅

⋅⋅ ⋅

⋅

⋅ ⋅⋅= ⋅

⋅𝑎⃗
⋅

⋅
⋅
⋅ ⋅

(Ept)

= (B2)

where 𝑎⃖ = (𝑎𝑑−1,… , 𝑎1), ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝑏 = (𝑎1𝑏1,… , 𝑎𝑑−1𝑏𝑑−1).
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The ZX-part of the rules II

=
𝐾𝑗 𝐾𝑗 𝐾𝑗 (K0)

⋯⋯

=
𝐾𝑗

𝐾𝑗 𝐾𝑗

(K1)

=
𝑎⃗

𝐾𝑗

𝐾𝑗

𝑘𝑗(𝑎⃗)

𝑎⃗

𝐾𝑗

(K2)

0⃗ = (Zer)

𝐻
==𝐻

-1𝐷 (P1)

where 𝑘𝑗(𝑎⃗) = (
𝑎1−𝑗

𝑎𝑑−𝑗
,… ,

𝑎𝑑−1−𝑗

𝑎𝑑−𝑗
)



40/43

The ZW-part of the rules

=
𝑎⃗

𝑎⃗ 𝑎⃗
(Pcy)

= (Sym)

= (BZW)

=
𝑎⃗ + 𝑏⃗𝑎⃗ 𝑏⃗

(AD)

= (Aso)

=

⋯

⋯

⋯

⋯
⋯ ⋯

(WW)
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The ZXW-part of the rules I

= (Bs0)

⋯

𝐾1

= 𝐾1

𝑒 1 𝑒 𝑛

⋯ (KZ)

= 𝑇𝑗

𝐾𝑗

(Bsj)

= (TA)

where 𝑇𝑗 =
𝑑−1

⏞⏞⏞⏞⏞⏞⏞(0,… , 1⏟
𝑑−𝑗

,… , 0), 𝑒1,… , 𝑒𝑛 ∈ {1,… , 𝑑 − 1}.
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The ZXW-part of the rules II
𝑉

𝑉 𝑉
= (VW)

𝑎1 𝑎𝑑−1⋯

-1 1

𝑎2

-2

=
𝑎⃗

𝑉
(VA)

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑎𝑑−1=𝑉

𝑎⃗

(ZV)

𝐾1

⋯

-𝑟

⋯

10

𝑀 𝑀 𝑀
𝐾0 𝐾𝑟 𝐾𝑑-1

= 𝐻

𝐾1

1√
𝑑 (HD)

where ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑎𝑑−1 = (𝑎𝑑−1, 𝑎𝑑−1,… , 𝑎𝑑−1) .
Definition of 𝑉 and𝑀
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Outlook
• Light-matter interaction in the ZXW calculus
Talk today at 14:30

• Optimisation of qudit circuits

• Completeness of qudit ZX-calculus

• Completeness of qufinite ZXW-calculus

• Hamiltonian simplification with ZXW
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Notation: The Hadamard inverse

𝐻
𝐻
𝐻

𝐻† ≔
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Notation: The dualiser

𝐷 ≔ J⋅K
⟼

𝑑-1
∑
𝑖=0

|𝑖⟩ ⟨−𝑖| .
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Notation: The 𝑉 and𝑀 boxes

-1 1-2 ⋯
≔𝑉

1

-1 1-2 ⋯ 0𝑀 ≔

1

with

𝑉
J⋅K
⟼ |0⟩ ⟨0| +

𝑑-1

∑
𝑖=1

|𝑖⟩ ⟨−1|
𝑉 1

=𝑀

Back



4/7

References I

Backens, Miriam (Sept. 2014). ‘The ZX-calculus Is Complete for
Stabilizer QuantumMechanics’. In: New Journal of Physics 16.9,
p. 093021. issn: 1367-2630. doi: 10.1088/1367-2630/16/9/093021.
Booth, Robert I. and Titouan Carette (6th July 2022). Complete
ZX-calculi for the Stabiliser Fragment in Odd Prime
Dimensions. doi: 10.48550/arXiv.2204.12531.
Hadzihasanovic, Amar (6th July 2015). ‘A Diagrammatic
Axiomatisation for Qubit Entanglement’. In: Proceedings of the
2015 30th Annual ACM/IEEE Symposium on Logic in Computer
Science. LICS ’15. USA: IEEE Computer Society, pp. 573–584.
isbn: 978-1-4799-8875-4. doi: 10.1109/LICS.2015.59. arXiv:
1501.07082 [quant-ph].

https://doi.org/10.1088/1367-2630/16/9/093021
https://doi.org/10.48550/arXiv.2204.12531
https://doi.org/10.1109/LICS.2015.59
https://arxiv.org/abs/1501.07082


5/7

References II
Jeandel, Emmanuel, Simon Perdrix and Renaud Vilmart (2017).
‘A Complete Axiomatisation of the ZX-Calculus for Clifford+T
QuantumMechanics’. In: Proceedings of the 33rd Annual
ACM/IEEE Symposium on Logic in Computer Science. LICS ’18.
New York, NY, USA: Association for Computing Machinery,
pp. 559–568. isbn: 978-1-4503-5583-4. doi:
10.1145/3209108.3209131. arXiv: 1705.11151 [quant-ph].
— (9th July 2018). ‘Diagrammatic Reasoning beyond Clifford+T
QuantumMechanics’. In: Proceedings of the 33rd Annual
ACM/IEEE Symposium on Logic in Computer Science. LICS ’18.
New York, NY, USA: Association for Computing Machinery,
pp. 569–578. isbn: 978-1-4503-5583-4. doi:
10.1145/3209108.3209139. arXiv: 1801.10142 [quant-ph].

https://doi.org/10.1145/3209108.3209131
https://arxiv.org/abs/1705.11151
https://doi.org/10.1145/3209108.3209139
https://arxiv.org/abs/1801.10142


6/7

References III

Kjaergaard, Morten et al. (Mar. 2020). ‘Superconducting Qubits:
Current State of Play’. In: Annual Review of Condensed Matter
Physics 11.1, pp. 369–395. doi:
10.1146/annurev-conmatphys-031119-050605.
Ng, Kang Feng and QuanlongWang (29th June 2017). A
Universal Completion of the ZX-calculus. doi:
10.48550/arXiv.1706.09877.
Shaikh, Razin A., QuanlongWang and Richie Yeung (8th Dec.
2022). How to Sum and Exponentiate Hamiltonians in ZXW
Calculus. Accepted to QPL 2022. doi:
10.48550/arXiv.2212.04462.

https://doi.org/10.1146/annurev-conmatphys-031119-050605
https://doi.org/10.48550/arXiv.1706.09877
https://doi.org/10.48550/arXiv.2212.04462


7/7

References IV

Wang, Quanlong (27th Feb. 2018). ‘Qutrit ZX-calculus Is
Complete for Stabilizer QuantumMechanics’. In: Electronic
Proceedings in Theoretical Computer Science 266, pp. 58–70.
issn: 2075-2180. doi: 10.4204/EPTCS.266.3.
Wang, Quanlong, Richie Yeung and Mark Koch (24th Nov. 2022).
Differentiating and Integrating ZX Diagrams with
Applications to QuantumMachine Learning. Version 4. doi:
10.48550/arXiv.2201.13250.

https://doi.org/10.4204/EPTCS.266.3
https://doi.org/10.48550/arXiv.2201.13250

	Introduction
	ZXW-calculus
	Qudits
	Completeness

	The qudit ZXW-calculus
	Genarators

	Completeness proof
	Proof idea
	Lemmas

	Axioms of ZXW
	Outlook
	Appendix
	Notations
	References


